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Abstract This study is focused on investigating errors
made by students and the various causal factors in working
on trigonometry problems by applying sine and cosine
rules. Samples were taken randomly from high school
students. Data were collected in two ways, namely a
written test that was referred to Polya's strategy and
interviews with students who made mistakes. Students’
errors were analyzed with the Newman concept. The
results show that all types of errors occurred with a
distribution of 3.83, 19.15, 24.74, 24.89 and 27.39% for
reading errors (RE), comprehension error (CE),
transformation errors (TE), process skill errors (PSE), and
encoding errors (EE), respectively. The RE, CE, TE, PSE,
and EE are marked by errors in reading symbols or
important information, misunderstanding information and
not understanding what is known and questioned, cannot
change problems into mathematical models and also
incorrectly use signs in arithmetic operations, student
inaccuracies in the process of answering and also their lack
of understanding in fraction operations, and the inability to
deduce answers, respectively. An anomaly occurs because
it turns out students who have medium trigonometry
achievements make more mistakes than students who have
low achievement.
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1. Introduction

Problem-solving ability is one of the most important
math skills for students because it can encourage students
to answer the questions themselves. Students become
skilled in selecting and identifying relevant conditions and
concepts, looking for generalizations, formulating
settlement plans, and organizing the skills they have
previously had. Many students complain and think that
mathematics is a subject that is too difficult that can evoke
negative emotions. Many of them feel difficult in solving
various mathematical problems such as understanding
questions and information provided for problem-solving,
use of concepts, calculations, and inaccuracies [1-3]. The
psychological impact is the emergence of mathematical
anxiety that is accompanied by negative emotions and
cognitive so that they are not confident to excel.

Trigonometry is one of the materials studied not only in
universities but also in high schools. Trigonometry is an
important math lesson because it can improve a variety of
cognitive skills in students and has a wide area of use in
everyday life. Trigonometry is also a transition from
algebra to geometry. Apart from that, trigonometric
functions and properties are used in many materials
including limits, derivatives, integrals, etc. Trigonometry
is the mathematics branch concerned with the relationship
involving lengths and angles. Trigonometric functions
focus on discussing cyclic phenomena in various
applications of trigonometry in fields, especially with
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regard to applications in the field of mechanical and
electrical technology. Trigonometry is a basic concept that
is very important in mathematics. In many other topics,
including algebra, geometry, and graphic concepts,
trigonometry is often used as a fundamental principle
[4,5]. A strong understanding of trigonometry can
enhance the cognitive abilities of students, like critical
thinking via the reasoning process and proofing skills [1].
Therefore, solving problems in trigonometry that are
considered very difficult by students and teacher
candidates [6-7] is very important.

In the last decade, it has been reported by several
studies  [8,9] that students often  experience
misunderstandings so they make errors in addressing
trigonometric issues. On the other hand, those errors also
occur because they cannot develop the concept of
trigonometry [9]. Usman and Hussaini [10] reported that
in solving trigonometric problems, more than 75% of
students (a total sample of 80 students) undergo errors in
transformation errors as well as process skills errors.

Many studies [11,12] have reported that students
understand sines and cosines in three ways namely (i) as
the point-to-circle coordinates, (ii) as a coordinate of
horizontal and vertical line, and (iii) as the ratio of the
triangle sides. Trigonometric problem solving is strongly
influenced by the stages chosen by students [13]. Students
must follow steps such as requiring stages such as
identifying and defining problems, exploring solutions,
based on strategies, and evaluating. It is really very
essential for teachers to see how the trigonometric
problems are solved by students.

There have been many studies aimed at improving
trigonometric learning [14-16]. However, the difficulty of
trigonometry requires teachers to develop positive
attitudes in students towards their learning. Therefore,
teachers must develop relationships between them in
learning so that they can use more effective strategies in
order to improve student achievement by enhancing the
ability to solve trigonometric problems. This work aims to
evaluate students’ errors in trigonometry learning with a
center of attention on identification the students’ errors
and their causal factors in solving trigonometric problems
with  reference to Newman's error analysis.
Problem-solving by students uses techniques developed
by Polya [17].

2. Method

2.1. Population and Sample

This study is descriptive through a qualitative approach.
The population is 393 students who are distributed in 12
classes in grade XI of State Senior High Schools in
Semarang City, Central Java, Indonesia. A sample of 63
students was taken randomly in two different classes.
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Before being tested, the samples were grouped based on
their achievements in trigonometry namely low, medium,
and high.

2.2. Instrument

This study applies two instruments which include (1) a
question sheet that has been wvalidated by two
trigonometry experts and (2) a teacher and student
interview guide. The written test instrument consists of
four items test to determine the ability to solve problems
with the form of description that has been adapted to the
assessment standards '"Trends in International Mathematics
and Science Study (TIMSS)'. There are some questions in
the interview regarding the rasons of mistakes made in
figure out item tests by learners.

Two trigonometry experts validated the test question
construction to determine the level of capacity of the test
for the problem solving aspect [18]. The four test items
specified are subjective questions and contain the
elements of problem-solving. The items tested on the
sample are as follows.

1. Sinta, Desi, and Mawar are playing in the schoolyard,
and their positions form a triangle. If the distance
between Sinta and Desi is 8 m, the angle formed by
the position of Sinta, Mawar, and Desi is 45° and the
angle formed by the Sinta, Desi and Mawar position
is 60°. Determine the distance between Sinta and
Mawar!

2. A fishing boat set sail to the west as far as 80 km.
The ship continued its journey by changing direction
30° to the south for 60 km. Determine the existing
ship distance with the position when the ship first
departed.

3. Apiece of land in the form of a parallelogram with a
longer side is 12 m and the shorter side is 10m. If the
longer diagonal is 14 m, find the angle formed by the
shorter side and the shorter diagonal.

4. Al and Beta were assigned to raise the flag to a pole.
They are in a straight line with the flagpole, with the
distance of each student to the flagpole is 1 m and
the depression angle of the top of the flagpole to
students' shoes is 30°. Determine the distance of the
top of the flag pole to the student's shoes.

Test items that have been declared valid are tested on
samples with a duration of 25 mins. Student errors in
working on test problems were analyzed based on the
Newman concept [19] which divides errors into five types,
namely RE, CE, TE, PSE, and EE.

2.3. Data Collection

Data were collected by two techniques i.e., written tests
according to Polya's strategy [17] and interviews that were
used to measure students' abilities and to determine errors
in solving trigonometric problems, respectively. The test
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instrument consists of four items test to determine the
ability to solve problems with the form of description that
has been adapted to the assessment standards TIMSS.
There are some questions in the interview with reference
to the factors that lead to mistakes in find an answer the
item test.

2.4. Data Analysis

Qualitative analyses are used to explain students' errors
in problem-solving based on the Newman theory of errors
[19]. Newman error indicators are based on Elsa [20].

2.5. Reliability and Validity

To ensure that the data is credible, observations are
made more closely and continuously. In addition,
interviews were also conducted with students through
more detailed and repeated questions. High data validity
was obtained through written tests whose results were
compared with the results of interviews with students.
Transferability is carried out by describing and describing
in a detailed, clear, and systematic way to the type of
student error both for written tests and interviews based
on Newman's theory.

3. Results

3.1. Student Test Data

All test problems have been done by students using
Polya's strategy. Students who answered the questions
correctly, wrong, and did not answer were 72 (28.2%),
168 (66.6%), and 12 (4.8%), respectively. The distribution
of student answers for each test item is presented in Figure
1. About 60% of students did not answer item test 4 which
indicates that this test item is considered the most difficult
by students. This condition is inversely proportional to
item test 1 where none of them did not do it.

BRight EWrong EINo Answer

70
60
50
40
30
20

Student Answers, %

Items Number

Figure 1. Student answers on each test item

The error level of student answers that have been
analyzed using the Newman method is 21.21, 23.86, 23.71,
and 31.22% for the answer items test numbers 1, 2, 3, and
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4, respectively. The error distribution based on its type is
3.83, 19.15, 24.74, 24.89 and 27.39% for reading error
(RE), comprehension error (CE), transformation error
(TE), process skills error (PSE), and encoding error (EE),
respectively. The number of errors for each test item on
different errors type are shown in Figure 2.

Oltem 4 Eltem 3 Bltem 2 BHltem 1

EE

PSE

TE

CE

RE

0 1 2 3 4 5 6 7 8 9 10
Percentage of error, %

Figure 2. The percentage of error for each test item analyzed is based on
Newman theory

3.2. Analysis for Reading Error

A total of 70.74% RE occurs when students work on
item 1 (Figure 2). The RE occur in reading symbols or
important information in the problem. This error is
characterized by the inability of students to solve
problems in accordance with the demands of the problem
so that student work is not right [21]. This reason is
confirmed by the results of the interview with students
(St.5) as follows.

Te : In your opinion, is question number 4
included in the easy, medium or difficult
category?

St.5 It's very difficult, Mr

Te Which part do you find difficult?

St.5 I don't know what is meant by the angle of
depression.

Te Have you ever heard that term?

St.5 Yes, I am, but I'm still confused about
distinguishing some other terms.

Te What do you think was questioned in item
47

St.5 I am so sorry, I think the distance of the

flagpole to students.

The dialog shows that students misread the question so
that what students answer is the distance of the flagpole to
students, not the distance of the peak of the flagpole to
students. In addition, students also cannot interpret
mathematical terms correctly. The term depression angle
in the problem is understood by students as an elevation
angle so that the placement of angles in the picture is
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wrong. This error occurs because of the inaccuracy and
rush of students in reading the questions so that their work
does not match the test questions. Examples of student
work errors due to reading errors are shown in Figure 3.

4. Given that: The distance of the student to the pole 15 1 m
Depression angle of the top of the flagpole

to students' shoes 15 30°
Asked  : distance from the pole to the student’s shoe?
Solution -

LCAD=30
LABC=30"
B £4CB=180° -30-30° =120°

by using the sin rule:

B CD % J3co
sin Z/BCD sinsCED | BD= STV
W
5D _ ¢b BD=.ficD

sn60 sin30

BD _cD

Figure 3. Examples of student work that shows a reading error

3.3. Analysis for Comprehension Error

There is an error of interpretation when the students
read the queries, thus not recognizing the criteria and
requirements. The CE most often occurs when students
work on item 4 and decreases in number for items 3, 2,
and 1 (Figure 2). The CE occurred because when reading
questions, students misunderstand information, do not
understand what is known and questioned, so they cannot
work on the next process [10, 22]. The cause of this error
was confirmed in a dialogue with students (St.7) during
the interview process.

Te : Why didn't you write about what already
know in item test 2?

St.7 Sorry, Sir. I'm confused when going to
write notation of elements that are known
in the work..

Te : What other parts do you find difficult?

St.7 : 1 don't understand putting a 30° angle on
the picture.

Te : Whatdo you think was questioned in item
27

St.7 I think the distance between a starting

point and endpoint.

Te : Why didn't you complete your work?

St.7 : There are some elements that are not yet
known so I cannot continue.

The interview results and written tests show that
students make errors in understanding the item test well
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indicated by not writing what is already known in the
problem. This indicates that students do not understand
the notation of known elements. In addition, students also
misunderstood the meaning of turning 30° to the south, so
they misplaced the angle in the picture [23]. Based on
interviews with St7, it can be clearly shown that students
make mistakes in understanding the problem because they
do not know the meaning of the sentence in the problem.
This type of error can be seen in student work on item test
2 as shown in Figure 4.

2. Given that:
Asked:  the exusting ship distance with the posttion
when the ship first departed
Solution:

m g

AC* = AB* + BC* —24BBCCos#ABC
AC* =80° + 60° — 2.80.60.Cos 24BC
AC* =6400° +3600° —9600C0sLABC
AC* =10000—9600.Cos £4BC

AC? =

Figure 4. Student work that shows the occurrence of misunderstanding

3.4. Analysis for Transformation Error

There is a TE whenever students know the requirements
of the problem already but cannot remember the
trigonometry operations concerned. The TE distribution is
almost evenly distributed on each item as shown in Figure
2. This error occurs for students not being able to
transform problems into mathematical models and is also
incorrect in using signs on arithmetic operations. This
error type is usually caused by the carelessness of students
in working on the problems being tested [10]. The
following are the results of researchers' interviews with
students (St.18):

Te : Why is the answer to your work on
question number 3 negative?

St.18 I was wrong in writing the formula,
ma'am.

Te : Which part do you think is wrong?

St.18 In the Cosine formula, it should be

negative, but I wrote it positive.

Te : Why is the formula you wrote wrong?

St.18 I have difficulty memorizing various
trigonometric formulas.

Te . Are there any other causes?

St.18 I think I didn't practice enough to work on
problems so I rarely use the formulas that
have been taught.

According to the written tests review and interviews
with students S18, the student's work on question number
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3 can be shown to be inaccurate, caused by a student's
mistake in writing the formula so that the mathematical
model is incorrect. Actually, students know that the
formula that is suitable for working on problems is the
Cosine rule formula, but students make mistakes in
writing. The formula written by students is AD*= AB* +
BD’ + 2AB.BD.Cos B even though the correct formula is
AD? = AB’ + BD? - 2AB.BD. CosB. Examples of the
work of students doing transformation error can be shown
in Figure 5.

3. Given that: base length s 12 m
hypotenusa length of parallelogram 15 10 m
Diagonal length : 14 m
Calculate - the distance from existing ship position to ship
position when first departed.
Solution

Error writing cosine formula

AD® — AB®+BD" +24BBD cos /B |
—2A4BED cos ZB= AB*+ AD* - ED*

AB*+ BD* - 4D 127+ 147 -10?

cosB=
—2.4ABED -212.14
144 +160 —100 -313
cosB=—m—— =
-.—336 336
Figure 5. Examples of transformation errors by students in answering
questions

3.5. Analysis for Process Skill Error

Errors in process skills are characterized by students'
inappropriateness in undertaking the required process
procedures. The PSE type errors are contributed by
student work in item 4 (Figure 2). Examination on the
student worksheet found that errors in calculations

resulted in students unable to answer questions completely.

This phenomenon has also been reported by several
previous studies [24,25]. This type of error occurs due to
the inaccuracy of students in the answering process and
also their lack of understanding in fraction operations as
confirmed in interviews with students (St.9).

Te : Do you understand how to solve problem
number 17
St.9 Yes, I understand. It is drawn first and then

done using the sine rules formula.

Te : Do youknow where your work is at fault?

St.9 Yes, of course. I was wrong in calculating
fractions and roots.

Te : Why did you make a mistake?

St.9 : Because I am not very thorough and also in
a hurry in working on the problems.

This interview confirmed the results of the written test
(Figure 6) that students' work errors resulted from errors

in calculating fraction procedures even though they were
able to correctly interpret and be conscious of the
questions [26,10]. For example, in Figure 6, it appears that
students are wrong in carrying out the calculation
procedure for fractions, where four divided by half should
be eight instead of two, so the final result obtained is
wrong.

1. Giventhat: Distance SD=8m

LEMD =457
LSDM = 60°
Find length of M

Solution :

sD SM

Sin ZSMD  Sin ZSDM

8 _ 5D ihat SM _ 8
8in 43°  sin 60° %4? %'JE
5u=%£’s= 45
VR A
2.5 2| 2
SM = —k=-ls=-l¢
o2

So length of SM = 6m 1'
Errers in calculating
fraction procedures

Figure 6. Examples of student work included in process skill errors

3.6. Analysis for Encoding Error

The category of encoding errors occurred in 27.39% of
students indicated by their inability to conclude the
answers so they could not write the final answers as
requested. This error can also occur due to carelessness
and lack of student accuracy in working on problems
[27,28] as shown in the following interview with students
(St.23).

Are you having trouble solving problem

Te number 42
Oh no, I can do it according to the
St.23 .
question about
Good, what formula do you use to solve
Te
problems?
St.23 Formula for sine rules, Mrs.
Did you make mistakes in writing
Te .
formulas or calculations?
St.23 No,
Te What mistakes have made your score not
optimal?
§123 I did not write the final answer according

to the question, only wrote the results of
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the calculation

Te : Why did you do that?
I am less thorough and in a hurry in

5t.23 solving problems, Mrs

This interview shows that the formula and stages of
working on the problems are correct and in accordance
with the demands of the questions, but students do not
write the final answers as requested by the questions.
From the written questions it is known that what is asked
is the distance from the top of the pole to the students. The
students have shown good understanding as indicated by
the correct sketches, the appropriate sine rules formula,
and the right calculation results. However, students do not
write the conclusions of the answers made. Students
should write the conclusion that the distance between the
peaks to students is 2 meters, not just write 2 (black circle
in Figure 7). This happens because students are less
thorough and rushed in solving problems as informed in
the interview.

4 Guven that : - distance from Ali to the pole1s 1 m
- distance from Irfan to the pole is 1 m
- the depression angle between the top of
the flagpole and the student’s shoe 1s 30°
Calculate - Distance from top of flagpole to student
Solution : Jika posisi Ali misalkan (A), Irfan (B),
puncak (C) dan pangkal tiang (D)

C LBCD = L4ACD =30 50 £LACE = 60°
.ZCAB—ISD) 50 60°
A B ¢ 4B  CE _ 4B
' D L SinsCAB  SinsACB  Sim6)  Si60
CB 2

Figure 7. Student work that shows the occurrence of encoding errors

4. Discussion

Newman's error analysis at various student levels
performance is shown in Figure 8 which presents the
number of errors on each test item. The errors distribution
shown in Figure 8 is 31.81, 47.86 and 20.32 percent for

low, medium and high levels of achievement, respectively.

In item 1, the most errors committed were in the high
ability level for encoding with a percentage of 1.33%. At
the medium level, the most errors appeared in the
encoding type of 3.68%, while at the low level the most
errors were found in the process skill and encoding types
with a total percentage of 1.77%. In item 2, the most
errors that appear at high levels are in the transformation
type (1.77%), while at medium levels, the most errors are
in the encoding type (4.27%). At low levels, the most
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errors were in the transformation type and process skill
(1.77%). Item 3, errors at the high level mostly lie in the
transformation and encoding types with a total percentage
of 1.33%, at the medium level the most errors are in the
process skill type (3.09%), and at the low level, the most
errors are in the encoding type (2.21%). For item 4, the
error at the highest level was the process skill type
(2.36%), errors at the moderate level were in the process
skill type (3.97%), while the errors at the low level were
in the process skill and encoding types (2.50%).

The students community with a medium degree of
accomplishment was seen to be the most dominant in
making errors. This is an exception because in the lowest
level of accomplishment, response errors commonly occur.
Although all types of errors occur, the type of reading
error (RE) is the least common in students at the level of
student achievement. The type of process skill error (PSE)
for test item 4 on all achievement levels is the most
common occurrence.

Trigonometry which function development is based on
several concepts of analysis is an inseparable part of
Mathematics. Errors in solving mathematical problems
often occur both in writing and speaking [29]. In senior
high school, trigonometry about the ratio between the
edges of a right triangle, the ratio of sines, cosines, and
tangents is taught only at specific angles and not in detail.
This condition is closely related to the traditional
methodology (procedural approach) which discusses
concepts briefly so students often experience
misunderstandings about new concepts [30]. The use of
conceptual approaches to teaching trigonometry is a better
choice than traditional approaches as suggested by
Thompson et al. [31]. In the conceptual approach, students
are emphasized to learn important concepts of
mathematical connections and their applications [30,32]
so that mistakes made by students due to misconceptions
can be avoided.

Agoestanto et al. [33] have reported that students with
weak cognitive abilities tend to create all errors types
except in reading. The abilities of change analysis are not
perfected in the understanding phase. Likewise, most
learners struggle to turn problems into mathematical
modeling at the stage of transformation. While
transformational abilities are not mastered in the process
ability level, which is demonstrated by the inability of
students to convert the equation into another equivalent
equation so that the correct equation solution is found. At
the encoding stage, the skill of concluding is not mastered
as indicated by the misinterpretation of the final solution
[34]. Students who have independent cognitive abilities
are more critical in thinking and make fewer mistakes [34].
Students of this sort, however, frequently make errors in
aspects of theories and analysis of data in critical thinking
skills.
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Figure 8. The number of errors against the level of achievement of each test item on various types of errors

5. Conclusions

Investigation of errors made by students in working on
trigonometric problems in the application of sine and
cosine rules has been carried out. Errors have been found
and spread on all types of errors. The lowest to highest
error levels are reading errors, comprehension errors,
transformation errors, process skill errors, and encoding
errors, respectively. Based on the classification of
Newman's error theory, it was found that a total of 679
student errors were found. These errors spread to all types
of errors. Of the 63 students who took the problem solving
test, 22.98% of errors were found due to fluency (reading
and understanding), while the errors caused by
mathematical processing errors (transformation, skill
processing and encoding) were 77.02%. From written
tests and interviews with students who make mistakes, it
can be concluded that the sine and cosine rules are still
felt difficult by many students as indicated by the high
errors with relatively even distribution on all test items.
Therefore it is very important for teachers to be creative
and innovative in organizing learning on this
trigonometric topic. All parties involved in learning must
work together to eliminate students' assumptions that
mathematics, especially trigonometry, is a difficult and
scary topic. The learning situation is also very important
to be pleasant so that it can make students enjoy the
learning process.

This result is very important in determining future
learning strategies, especially for students who have
similar learning behaviors. Some recommendations
should be evaluated on the basis of the findings of this
study, which is that the idea of trigonometry can indeed be
implemented in daily life so that students can better
perceive trigonometric applications and also be
independent to solve problems which will be fixed by
themselves. Future studies have been planned to focus on

the investigation of learning models and behavior towards
student learning outcomes in trigonometry.
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